We investigate the non-locality distributions among multi-qubit systems based on the maximal violations of the CHSH inequality of the reduced pairwise qubit systems. We present a trade-off relation satisfied by these maximal violations, which gives rise to restrictions on the distribution of non-locality among the sub-qubit systems. For a three-qubit system, it is impossible that all pair of qubits violate the CHSH inequality, and once a pair of qubits violates the CHSH inequality maximally, the other two pairs of qubits must both obey the CHSH inequality. Detailed examples are given to display the trade-off relations, and the trade-off relations are generalized to arbitrary multi-qubit systems.
Quantum mechanics exhibits the nonlocality of the nature, as revealed by the violation of Bell inequality [1] . A quantum state is said to admit a local hidden variable (LHV) model if all the measurement outcomes can be modeled as a classical random distribution over a probability space. All quantum states admitting LHV models satisfy any Bell inequalities.
A state that admits no LHV models must violate at least one Bell inequality. The Bell inequality provides the way to distinguish experimentally between quantum mechanical predictions and predictions of local realistic models. The violation of the Bell inequalities is also closely related to the extraordinary power of realizing certain tasks in quantum information processing such as quantum protocols to decrease communication complexity [2] and secure quantum communication [3] .
For pure quantum states, the quantum entanglement coincides with the violation of Bell inequalities. Namely, for pure states the entanglement and the non-locality coincide. Any pure entangled states violate a Bell inequality [4] [5] [6] [7] [8] [9] . However, a general mixed entangled state could admit LHV models. There has been no effective method to judge whether a mixed state admits a LHV model or not [10] [11] [12] . Even for the simple two-qubit Werner states, the precise threshold value of nonlocality is still unknown [13] .
As one of the fundamental differences between quantum entanglement and classical correlations, a key property of entanglement is that a quantum system entangled with one of other systems limits its entanglement with the remaining ones. The monogamy relations give rise to the distribution of quantum entanglement in a multipartite systems [14] [15] [16] [17] [18] .
Monogamy is also an essential feature allowing for security in quantum key distribution [19] .
An interesting question one may ask is what the distribution of non-locality in a multipartite system would be. Namely, would a quantum system that has non-local correlations with one of other systems limit its non-local correlations with the remaining systems? In this paper, by using the Clauser-Horne-Shimony-Holt (CHSH) inequality [20] , we study such non-locality distributions among the multi-qubit systems. We show that quantum correlations captured by the violation of Bell inequalities have to obey interesting trade-off relations, similar to the distribution of quantum entanglement in multipartite systems. We present the analytical trade-off relations obeyed by the CHSH test of pairwise qubits in a three-quibt system. The result is then generalized to general multi-qubit systems.
The well-known CHSH [20] 
where 
, which gives the maximal violation of the CHSH inequality [21] .
A two-qubit quantum state ρ can be always expressed in terms of Pauli matrices σ i ,
where I is the 2 × 2 identity matrix,
tr(ρ I ⊗ σ l ) and m kl = 1 4 tr(ρ σ k ⊗σ l ). We denote M the matrix with entries m ij . Let CHSH ρ denote the maximal mean value B ρ under all possible measurement settings {A i , B j }. Then for a given twoqubit state ρ, CHSH ρ is given by [22] ,
where τ 1 , τ 2 are the two largest eigenvalues of the matrix M † M, M † is the conjugate and transpose of the 3 × 3 matrix M.
We first consider three-qubit systems. Let H A , H B and H C be two-dimensional Hilbert spaces. For a three-qubit state
Theorem. For any three-qubit state ρ ABC ∈ H A ⊗ H B ⊗ H C , the maximal violation of the CHSH tests on the pairwise bipartite states satisfies the following trade-off relation,
Proof. From the formula (3), for any bipartite state ρ XY (XY = AB, AC, BC), the square of its maximal value of the CHSH Bell operator satisfies
where min τ is the minimum eigenvalue of M † M, m XY st are the entries of the corresponding matrix M with respect to the state ρ XY .
We first prove the Theorem for the case of pure states. Consider a pure three-qubit state
where a ijk satisfy the normalization condition,
where [m
Therefore for any pure three-qubit state, we have the trade-off relation (4).
Now for any mixed state
where For an intuitive analysis of the trade-off relation (4), let us consider the generalized Schmidt decomposition of a three-qubit state |Ψ [23] ,
with normalization i λ 2 i = 1 and 0 ≤ ψ ≤ π. From the reduced density matix
one has the corresponding Pauli coefficient matrices
. M AC and M BC can be obtained similarly.
For the simplicity we take λ 4 = 0. Direct calculation gives
First, let us consider the saturation of the inequality (4). By optimizing the left hand side of (4) 
In this case, there is no violation of the CHSH inequality for any reduced two-qubit density matrices.
Second, let us have a comparison between our trade-off relation and the monogamy relations of CHSH tests [24] [25] [26] [27] . Our trade-off relation gives the restriction on the maximal violations among the reduced two-qubit systems. An optimal measurement setting which gives rise to the maximal violation for one pair of reduced density matrix is generally different to that for other pairs of reduced density matrices. While in the study of monogamy relations, the same measurement settings are applied to the common party of both reduced states. In [24] a monogamy relation has been presented, CHSH sin θ we obtain the plane graph Fig. 2 .
From the Fig. 2 one can see that when one pair of qubits achieves the maximal violation of the CHSH inequality, the other two pairs of qubits can no longer violate the CHSH inequality.
The Theorem can be generalized to arbitrary n-qubit systems. Let state by tracing over the rest spaces except for the i and j-th.
Corollary. The maximal values of the CHSH tests on all reduced two-qubit states have following trade-off relation,
Proof. For any given three-qubit state, say, i = j = k, from Theorem there exists a trade-off relation, Bell inequalities play important roles in the investigation of quantum nonlocal correlations and quantum entanglement. By investigating the maximal violations of CHSH inequalities of pairwise sub-qubit systems of a multi-qubit system, we have presented a trade-off relation among these pairwise violations. The trade-off relation gives rise to restrictions on the distribution of non-locality among the subsystems. It implies that for a three-qubit system, it is impossible that all pair of qubits states violate the CHSH inequality simultaneously.
And if one of the three pairs of qubits violates the CHSH inequality maximally, the other two pairs of qubits must both obey the CHSH inequality. Moreover, this trade-off relation could be also used to quantify some kinds of genuine three-qubit quantum non-locality when each pair of qubit states admits LHV models. Here it should be noted that, since the reduced two-qubit states are mixed ones, the CHSH inequality is neither necessary nor sufficient to verify the nonlocality. Other Bell inequalities based trade-off relations are also desired for investigation of non-locality distributions.
